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INTRODUCTION

The study of fixed-point theorems for a map satisfying a contractive condition that did
not require continuity at each point was initiated by Kannan [1] in 1968. This paper was a
genesis for a multitude of fixed-point papers over the next two decades. Subsequently, several
authors established fixed point theorems for a pair of maps.

In 1982, the notion of weakly commuting maps was initiated by Sessa [2]. It can be seen
that commuting maps are weakly commuting but the converse is not true in general.

Then in 1986, Jungck [3] extended the concept of commutativity and weak
commutativity by giving the notion of compatibility and showed that weakly commuting maps
are compatible but the converse is not true in general. Many authors have obtained a lot of
fixed-point theorems for compatible mappings satisfying contractive type conditions and

assuming continuity of at least one of the mappings.

Definition 1.
Let X be a non-empty set and f and g be two self-mappings of X. A point x € X is called
a coincidence point of f and g if and only if
fx = gx.
Definition 2.
Two self-mappings f and g on a metric space (X, d) are said to be weakly compatible if
they commute at their coincidence points, that is,

f x=gx for some x e X =f gx =gfx.

Thus, two compatible maps are weakly compatible but the converse need not be true as
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shown in the following example.
Example

Let X = [0, 20] with the usual metric. Define the mappings f,g: X — X by

0, if x=0,
f(x) =5 x+15  ifx€[0,5]
x—15, if x € (5,20]

(0, if x€{0] U(5.20]
9(")_{ 4, if x € (0,5]

Let {xn} be the sequence defined by

X, :5+£, Yn e N,

n

Then

f(x.) :xn—S:%, g(x,) =0
Therefore,

,!mf(xn) =0 and rlliLTo]og(Xn) =0
Also,

f(0) =0=9(0), and fg (0) = of (0),

Clearly, f and g are weakly compatible maps since they commute at their coincidence

point x = 0.

On the other hand,

fg(xn) = f(0) =0 and gf (xn) = g(Xn—5) = 4.
Consequently,

lim d(fg(x,),gf(x,) = lim|fg(x,) - gf (x,) =4 =0,
Hence, f and g are not compatible.
Example
Let (X, d) be metric space where

X=[0,2] and d(x,y) =|x—y]| for all X,y e X.
Define the mappings A,B: X —» X
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. 1
X, If xe[0,>),
e[ Q

1 ifXEF,Z},
3 3

B(x) = ﬁ, for all x € [0,2]

A(0) = B(0) =0,

A(X) =

and hence
AB(0) =BA(0)=0
Since A and B commute at their coincidence point x = 0, they are weakly compatible mappings.
Consider the sequence {xn} in X defined by

X, =1+£, n>1
2 n

lim A(xn):% and lim B(xn)=%,

n—oo

lim d(AB(x,), BA(X,) = ‘%—%‘ £0

Thus, A and B are not compatible.
Definition 3.

Two self-maps S and T of a set X are said to be occasionally weakly compatible if and
only if there exists a point x € X which is a coincidence point of S and T at which S and T
commute.

Clearly, weakly compatible maps are occasionally weakly compatible, but the converse
is not always true.
Example
Let X =[0, o) with the usual metric. Define the mappings S.T : X — X by
0, xe]0,1),
2X, X €[1,00),

T :{x, x €[0,1),

1+ X, X €[l,),

S(x) = {

Clearly, 0 and 1 are coincidence points since
S(0)=T(0)=0 and S(1)=T (),
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But
ST(0) =TS(0) and ST(1) =4 #3 =TS(1).
Hence, the pair {S,T} is occasionally weakly compatible but not weakly compatible.
Example
Let [ be the usual metric space. Define the mappings U, V : [I —[] such that
Ux)=2x and V(x)=x% forall xel .
Then
U(x) =V(x) for x=0, 2,
That is, 0 and 2 are coincidence points.
Here,
UV(0) = VU(0) =0,
but
UV(2) = VU(2).
Hence, U and V are occasionally weakly compatible but not weakly compatible.
He we have some lemmas.
Lemmas
Lemma 1 (Al-Thagafi and Nasser, 2008).

Let X be a set and let f and g be occasionally weakly compatible self-maps of X. If f
and g have a unique point of coincidence w = f(x) = g(x), then w is the unique common fixed
point of f and g.

Lemma 2

Let A, B,S and T be self — mappings of a metric space (X, d). Let f be a summable, non-
negative. Lebesgue integrable function from [J " into itself satisfying.
[} ftdt >0, Vs >0
and AXcTX, BXcSX

Assume that for a given ¢ > 0 there exists 6 > 0 such that for all x, y in X,
M(X,y) d(Ax,By)
e<|, yf(t)dt<g+5:>szjo f () dt )

and

| YN )dt > 0= I;(AX'By)f(t)dt < M )t @)

0 0
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Where,

M(X, y) = max {d(SX,Ty),d(Ax,Sx),d(By,Ty), d(Sx, By) ; d(Ax,Ty)} )

Then for a fixed xo in X, the sequence {yn} in X defined by the rule
y2n = AXZn = TX2n+1’y2n+1 = BX2n+1 = SX2n+2 (4)
is a Cauchy sequence.
Theorem :
Let A, B, S, T, I, J be self — maps defined on a metric space (X, d) satisfying the
following conditions :
AB(X) c J(X), ST(X)cI(X), (5)
For a given ¢ > 0, there exists & > 0, such that for all x, y €x,

J-d(ABx.STy)

. f(Odt < e (6)

M(x,y)
£<f f@dt<e+d=
0

and for Ogasé,

fd(ABx,STy) d(Ix,]Jy)+d(ABx,Ix)+d(STx,Jy)+d(Ix,STy)+d(ABx,]y)]

. f(oyde < af} foyde (7)
where f is a summable, non — negative, Lebesgue integrable function from [0, 0) into itself
satisfying
josf(t)dt >0, Vs>0 ®)

and

M(x,y) = max{d(lx,Jy),d(ABx, 1), d(STy, Jy), 2% STY) +d(ABX’JY)}’

2
If one of the A(X), B(X), S(X), T(X), I(X) and J(X) is complete subspace of X, then
0] AB and | have a coincidence point
or
(i) ST and J have a coincidence point.
Further if the pairs {I, AB}and {J, ST] are occasionally weakly compatible, then
(i)  AB, ST, I and J have a unique common fixed point.

Proof :
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By virtue of (5) we define a sequence {Yn} in X as
Yo, =ABX,, =3, 1y Yoru =STX,00 =X, ¥VN=012,....
Suppose d(Y,,,Y,,,1) =0, for somen, then y,. =V, ...
Hence
ABX, =JIX, , =STX, .. =X, .,
and J and ST have a coincidence point.
Similarly, if d(Y,, .1, Yon.,) =0,, for some n, then
ABXppiz = JXgnes = STXons1 = [Xonyz
and AB and | have a coincidence point.
Further assume that d(yn, yn+1) # 0 for each n. Then we have M(x, y) > 0. Otherwise, we have
d(yn, Yn+1) = 0, which is a contradiction. Hence using Lemma (2), {yn} is a Cauchy sequence
in X.
Now suppose that J(X) is a complete subspace of X. Then the subsequence {yn}

contained in J(X) is convergent and has a limit in J(X), call it u and if we choose v € J™'u then

Jv = u. Similarly, the subsequence{yn + 1} also converges to u.
Now we shall show that STv = u. Let d(STv, u) > 0. Then taking X=Xn andy =
vin (7), we get

A(ABxzn.STy) [AIX27,JV)+A(ABX 30, I%27) +A (ST, JV) +d (IX 277, STV) +d (W, STV) +d (u,Jv)]
fHdt<a f f(dt
0
0

Using limit n — oo, we have

fod(u,STv) f (t) dt <

[d(u,u)+d(u,u)+d(STv,u)+d(u,STv)+d(u,u)]
= (xj.

p f[d (w,Jv)+d(uu)+d(STv,Jv)+d(u,STv)+d(u,jv)
0

Te(dt
f(t)dt

0

J~[d(STv,u)+d(u,STv)]f (t)dt = zaj;(sw,u)f (t)dt

which is a contradiction since 0 < a < % . Hence, from (8), we get STv =u = Jv

Since ST(X) < I(X) therefore, STv = u = u € I(X).Hence, there exists some w in I"*u such

that lw = u.

Taking x =w and y = Xan+1 in (7), we have
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Id(ABW’STX2ﬂ+I) [d(Iw,IX5 1)+ (ABW,IW)+d (STX 541 ,:9X o041 ) +A (IW,StX5 41 )+ (ABW, X5 11)]

f(t)dt <o jo

f()dt

Taking limit n — oo, we have,

d(ABw,u) [d(u,u)+d(ABw,u)+d(u,u)+d(u,u)+d(ABw,u)]
[ f(t)dt <o f(t)dt
2d(ABw,u) d(ABw,u)
=a jo f(t)dt = 20 jo f(t)dt

This is a contradiction. Hence from (8).ABw = u = Iw.
Thus, the sets of coincidence points of the pairs (I, AB) and (J, ST)are non empty and u is
unique. This proves (i) and (ii)

Now to prove (iii), not that (I, AB) and ( J, ST) are occasionally weakly compatible and u = Jv

=STv=ABw=Iw. Thus JSTv = ST Jv and ABIlw = |ABw.
If STu #u then puttingx =wand y = u in (7), we have
d(u,STv) d(ABw,STu)
j f(t)dt = jo f(t)dt

d(lw,Ju)+d(ABw,Iw)+d(STu,Ju)+d (Iw,STu)+d (ABw,Ju)
<qf

f()dt

0

d(u,Ju)+d(u,u)+d(STu,Ju)+d(u,STu)+d(u,Ju)
= (XJ‘

f(t)dt

0

=30 (bt

1
This is a contradiction for a € [O,E}Thus from (8), we have STu =u =Ju.

Now, we will prove that ABu = STu and using condition (7), we have

J~d(ABu,STu) [d(lu,Ju)+d(ABu,Ju)+d(STu,Ju)+d(lu,STu)+d(ABuU,Ju)]

f(t)dt < a j f(t)dt

0
=3q ;(AB“‘ST”’f (t)dt

This is a contradiction and hence ABu = STu,
Therefore,
u=Ju=STu=ABu = lu.
The uniqueness of the common fixed point u follows easily from condition (7). The same result

holds if we assume that 1(X) be complete instead of J(X).
Now if AB(X) is complete then by (5), u e AB(X) < J(X) . Similarly, if ST(X) is complete
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then u € ST(X) < I(X) . So, the theorem is established.
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